Abstract. We investigate the dynamical behaviour of a holomorphic map on an f −invariant subset E of U, where f : U → C k , with U an open, connected and polynomially convex subset of C k . We also prove a Birkhoff type Theorem for holomorphic maps in several complex variables, i.e. given an injective holomorphic map f, defined in a neighborhood of U, with U star-shaped and f (U ) a Runge domain, we prove the existence of a forward invariant, maximal, compact and connected subset of U which touches ∂U.
Introduction
Let f : U → C k be a holomorphic map. Here U is an open, connected and polynomially convex set in C k . Inspired by a recent paper of Fornaess and Stensones, [5] , we analyze the dynamical behaviour on a closed f −invariant subset E of U. We prove that the dynamical behaviour on the f −invariant set E, when there is a recurrent component V in E, is of three types:
1. V is contained in the basin of attraction of an attractive periodic orbit;
2. V is contained in a Siegel domain;
3. if h is a limit of a subsequence of {f n } n∈N , then 0 < rank (h) < k.
In particular when E is an orbit or a countable union of orbits, we prove that E cannot have a non-empty interior with a recurrent point. This has been proved in [5] under other hypotheses.
In the second part of the paper, see section 4, we give a version of Birkhoff's Theorem which was originally stated for surface transformations f having a Lyapunov unstable fixed point for f or for f −1 . Under these hypotheses Birkhoff has shown, [3] , the existence, in each neighborhood, of a compact set K + (or K − ) which is positive (or negative) invariant by f and touching the boundary of the neighborhood; in this general setting there is no forward and backward invariant compact set. In the same spirit, our theorem 4.1 asserts that if f : U → C k is a holomorphic injective map of C k such that f (0) = 0, with U bounded and star-shaped and f (U ) a Runge domain, then there exists a maximal, compact, connected set K such that:
Preliminaries
We recall some definitions and fix our notations. Let K be a compact set of C k , then the polynomially convex hull of K is defined as:
For example, the geometrically convex open sets of C k are polynomially convex in C k . The property of being polynomially convex is not invariant by biholomorphisms, as Wermer showed, see Gunning's book, [10] , page 46. If K is polynomially convex, each holomorphic function on a neighborhood of K is the uniform limit on K of polynomials; in the same way if ρ is p.s.h. and continuous on U, then it is the uniform limit on the compact sets of U of p.s.h. functions of
A consequence is that convexity with respect to p.s.h. functions in U is the same as polynomial convexity. If K is polynomially convex and compact in U, there exists ρ 1 p.s.h. and continuous on C k , K = {ρ 1 ≤ 0} and ρ 1 ≥ 1 on a neighborhood of C k \ U.
Definition 2.2.
A domain U is Runge if each holomorphic function on U can be approximated by polynomials, uniformly on compact subsets of U.
In particular any polynomially convex open set is a Runge domain, [10] . It is possible to construct Runge domains such that the interior of U is not equal to U : for example U = {w ∈ C k : |w| < exp(−ϕ)} with ϕ subharmonic on the unit disc, ϕ = 0 on a dense set of ∆ and ϕ ≥ 0 and non identically zero.
Invariant Sets
Suppose U an open, connected and polynomially convex set. We say that E is f −invariant if f (E) ⊂ E.
Suppose E ⊂⊂ U. Choose z 0 ∈Ê P and suppose f (z 0 ) / ∈Ê P . Then there is a p.s.h.
•f ≤ 0 on E and so is ρ 0 •f on the holomorphic hull of E with respect to U, which is the same asÊ P . It follows that ρ 0 (f (z 0 )) ≤ 0, which is a contradiction.
is a normal family and if Int(Ê P ) has a recurrent component then either i) f has an attractive periodic orbit, either ii) there is a Siegel domain, i.e. there is U, a component of Int(Ê P ), and a subsequence
Proof
The proof of this proposition uses mostly classical ideas, see [13] page 66, [17] page 438, see also [6] and [5] .
Assume that every point in ∂U has a p.s.h. barrier, i.e. if q ∈ ∂U, there exists a p.s.h. function ρ q , ρ q < 0 on U, continuous such that lim p→q ρ q (p) = 0. Let V be the interior of E in U, we assume V is not empty. We also assume that there is a recurrent point p 0 in V. Then V is a subset of either 1) the basin of attraction of an attracting periodic orbit, either 2) a Siegel domain, or
3) if h is a limit of a subsequence of {f n } n∈N , then 0 < rank(h) < k.
We start proving that the sequence {f n } n∈N is well defined on V. Since V ⊂ U is invariant, by continuity f (V ) ⊂ U : indeed if p ∈ V there exists a sequence of points p n ∈ E such that p n → p and hence f (p n ) → f (p) = q ∈ U . We show now that f (V ) ⊂ U. Suppose q ∈ ∂U. Consider the barrier ρ q at q. The function ρ q • f is p.s.h. and continuous on V, and
This is impossible because f is open. Hence f (V ) ⊂ U and f n (V ) ⊂ U, therefore the sequence {f n } n∈N is normal, since U is bounded. Now suppose that there exists a recurrent point p 0 in V. This means that there exists a sequence of
We can always suppose that n i+1 − n i → +∞. Taking a subsequence {i = i(j)} we can suppose that the sequence {f ni+1−ni } i converges uniformly on compact sets of V to a holomorphic map h :
Consider all maps h obtained in this way. If some h is of rank 0, then some iterate of f has p 0 as an attractive fixed point and f has p 0 as an attractive periodic point. If some h is of maximal rank k, then V is a Siegel domain, otherwise all the limit maps have lower rank r, 0 < r < k. The case of H d (P 2 ) is analyzed in [6] .
Remark 3.4. If f is not open it is enough to assume that (ρ q = 0) does not contain the image of f.
Corollary 3.5. Under the hypothesis of Theorem 3.3, if E is a countable union of orbits, then the interior V of E doesn't contain recurrent points.
Proof Indeed in both of the possible dynamical behaviour described in Theorem 3.3, E cannot be a countable union of orbits and E has interior; in the case of domain of attraction and of Siegel domain there are uncountably many different orbits,in order that the closure has interior.
Forward invariant compact sets
Theorem 4.1. Let U be a bounded star-shaped domain with respect to 0 in C k and let
, with A a linear invertible map and with all the eigenvalues λ j , for 1 ≤ j ≤ k, of modulus 1. Then there exists a maximal connected compact set K, with 0 ∈ K ⊂ U s.t. (K ∩ ∂U ) = ∅ and f (K) ⊂ K. Futhermore f is linearizable iff 0 ∈ Int(K).
Proof
Define f µn (z) = f (µ n · z) with µ n ∈ R, 0 < µ n < 1 and µ n → 1 for n → +∞. Then f µn → f uniformly on U and |Jac(f µn )(0)| = |µ n | · |Jac(A)| < 1 because |µ n | < 1 and
2 ). For simplicity, we call µ n := µ.
applying a result of Andersen-Lempert, [2] Theorem 2.1, to the biholomophism
, we find a sequence of automorphisms g m of C k , such that g m → f µ for m → +∞ uniformly on compact subsets of U , i.e. the g m 's converge to f µ , uniformly on compact sets and g m (0) = 0 for all m.
Hence g m ∈ Aut(C k ) and g m : U → g m (U ) with 0 ∈ U ∩ g m (U ). Let B be a domain which is a homothetic of U, i.e. B = ǫU, sufficiently small s.t. )) is biholomorphic to C k , [15] , and in particular is unbounded, there
We consider the one-parameter family {B t } t≥1 where B t = t · B. Then we consider the t's for which: g −n0 m (B t ) ⊂ U. The set is not empty because for t = 1 the inclusion is true. By continuity, there exists t s.t. g −n0
m (B t ) : this follows from the description of the basin of attraction of 0. Each F m is a connected set because it is the closure of the pre-image by a biholomorphism of a connected set. By compactness of the space K c (U ) = {connected compact subsets of U }, there exists a subsequence (m k ) k∈N t.c.
We use that:
(i) g m → f µ uniformly on compact subsets of U;
Hence K µ is f µ −invariant. Therefore for each µ we have found a forward invariant connected compact set for f µ and K µ intersects ∂U. Now, with an argument similar to the one already used for {g m } m∈N and {F m k } k∈N , we prove that, up to considering a subsequence, K µn → K and since f µn → f uniformly on compact sets, we have that f (K) ⊂ K. In order to have the maximal invariant compact set it is enough to take the closure of the union of all such compact sets K. Obviously, the closure of a union of f −invariant sets is still f −invariant. In order to prove the last assertion of the Theorem, if f is linearizable then obviously 0 ∈ Int(K). Conversely if 0 ∈ Int(K) then 0, which is a fixed point for f, is also a recurrent point for f, therefore, by Theorem 3.3, K is contained in a Siegel domain because the eigenvalues of f are of modulus 1. It follows by standard arguments that f is linearizable.
Remark 4.2. If we take a sequence µ n > 1, µ n → 1, we can prove that there exists a maximal connected compact set invariant for f −1 . In general the forward and backward invariant compact subsets are different, as the case of Hénon maps shows.
Remark 4.3. We want to point out that K is not necessarily a proper subset of U , indeed if f is an automorphism of the ball B k ⊂ C k fixing 0, then K = B k .
Examples
In this section we are going to prove that our theorem 4.1 is optimal, we mean that there exist a map f : B → C k which satisfy all the hypotheses of the Theorem 4.1 such that it has a forward invariant compact and connected set containing 0 which touches the boundary of B but it doesn't admit a totally invariant compact and connected set containing 0 which touches the boundary of B.
Example 5.1. Let f be the following Hénon map:
Then f (0, 0) = (0, 0) and
. From the well known study of the dynamics of f, there exist the following closed invariant subsets of C 2 :
and the following compact set of C 2 containing 0 :
Consider a ball B(0, R) ⊂ C 2 with R >> 1 such that B(0, R) ⊃⊃ K. If we consider the restriction f : B(0, R) → C 2 , by Theorem 4.1 there exists a connected compact subset X of B(0, R) which touches the ∂B(0, R), which is f −invariant and which contains 0. For any such X, we have X ⊂ K + f , [16] , because if z ∈ X, f n (z) is bounded since X is f −invariant and compact. Hence X ⊂ (K + f ∩ B(0, R)). It is well known from the study of the dynamics of Hénon maps that:
uniformly on compact sets. Hence there esists n 0 ∈ N (an arbitrary n 0 with such a
be at the same time forward and backward invariant i.e. f (X) ⊂ X, but f (X) = X. If f n0 (X) is distant from K less than dist(∂B(0, R), K), then it means that f n0 (X) ⊂ X and they are different. Hence, if we consider g := f n0 , then g(X) ⊂⊂ X. 
Centralizers
Theorem 6.1. Suppose that f, g are two commuting maps satisfying all the hypotheses of Theorem 4.1, then they share the same maximal, compact, connected, invariant set K ∋ 0.
Proof Indeed let K f and K g be the maximal, compact, connected invariant sets containing 0, for f and g respectively, which exist by Theorem 4.1. Then consider
), we can prove that K g ⊂ K f .
